A recently found new free field realization of the affine Sugawara operators at arbitrary level is reviewed, which involves exponentials of the well-known DDF operators in string theory.
Results
The Sugawara operators play an important role in the representation theory of affine Lie algebras (see e.g. [1] ). Using a string vertex operator construction of the affine algebra at arbitrary level it is possible to find a new free field realization of the Sugawara operators at arbitrary level in terms of physical string "DDF oscillators". This article reviews these results which were obtained in collaboration with K. Koepsell and H. Nicolai. A complete set of references can be found in [2] .
Letḡ be a finite-dimensional simple Lie algebra of type ADE and rank d − 2 (d ≥ 3). Consider the associated nontwisted affine Lie algebra g of rank d − 1 with Cartan-Weyl basis H i n , E r n (1 ≤ i ≤ d − 2, r ∈∆, n ∈ Z). The Sugawara operators
then form a Virasoro algebra with central charge c ℓ := ℓ dimḡ ℓ+h ∨ , where ℓ and h ∨ denote the level and the dual Coxeter number, respectively. Our main result is that in a certain string model the operators can be rewritten in terms of free oscillators A i m :
where ζ := e 2πi/ℓ , z p := ζ p z, and
(The zero modes Q i apparently drop out in (2) but will be needed later.) It will turn out that the "DDF oscillators" A i m are constructed from exponentials of the ordinary string oscillators α ν n . Therefore the L m 's are in fact "doubly transcendental" functions of the string oscillator modes. It is easy to see that for the special case ℓ = 1 the Sugawara operators take the well-known form
which is nothing but the equivalence of the Virasoro and the Sugawara construction at level 1 proved by I. Frenkel. On the other hand, if we consider the action of the zero mode operator on an arbitrary level-ℓ affine highest weight vector |Λ , then we obtain (after invoking some identity for sums over roots of unity) the result
which had previously been derived by exploiting the properties of the affine Casimir operator (see e.g. [1] ), whereas here it can be simply read off from the general formula as a special case. Finally, formula (2) exhibits some nonlocal structure due to a new feature in the operator product expansion. In conformal field theory the singular part of the operator product expansion usually involves negative powers of z − w leading to poles at z = w. In our case, however, we will demonstrate the appearance of negative powers of z ℓ − w ℓ which produces poles at z = w p := e 2πi/ℓ w and is the origin of the nonlocal expressions in (2).
Compactified Bosonic String and DDF Construction
The string model in which we realize the affine Lie algebra and the Sugawara operators is "finite in all directions", i.e., we consider a (chiral half of a) closed bosonic string moving on a d-dim Minkowskian torus as spacetime such that the momentum lattice is given by the affine weight lattice Q * . The usual string oscillators α
, and one introduces groundstates |λ = e iλ·q |0 for λ ∈ Q * , which are by definition highest weight states for h, i.e., α µ 0 |λ = λ µ |λ and α
Then the Fock space F is the direct sum of irreducible h modules: F = span{α
To complete the quantization procedure one has to implement the physical state conditions. This amounts to restricing F to the subspace P of physical states, which are by definition conformal primary states of weight 1, viz.
with respect to the Virasoro constraints (with c = d) L n := 1 2 m∈Z :α m ·α n−m :. One easily works out the simplest examples of physical string states to find tachyons |a , satisfying a 2 = 2, and photons ξ·α −1 |k , satisfying ξ·k = k 2 = 0 (ξ ∈ R d−1,1 ). This direct method quickly becomes rather cumbersome and one might ask whether there is an elegant way of describing physical states which also yields structural insights into P. This is achieved by the so-called DDF construction.
Let us consider a fixed momentum vector λ ∈ Q * satisfying λ 2 ≤ 2 (otherwise it could not give rise to physical states). In order to find a complete basis for P (λ) , one starts from a so-called DDF decomposition of λ,
for some tachyon |a and lightlike vector k satisfying a·k = 1. Such a decomposition is always possible although neither a nor k will in general lie on the affine weight lattice. Next we choose d − 2 orthonormal polarization vectors ξ i ∈ R d−1,1 such that ξ i ·a = ξ i ·k = 0. The transversal DDF operators are now defined as
with the Fubini-Veneziano coordinate and momentum fields respectively given by
It is straightforward to show that the A Furthermore, the tachyonic state |a is annihilated by the DDF operators with nonnegative mode index. Finally, the DDF operators provide a basis for P (λ) , viz.
3 Realization of Affine Lie Algebra
We will now employ a vertex operator construction for the affine Lie algebra at arbitrary level to find an explicit realization of the Sugawara operators in terms of the string oscillators. Let L(Λ) denote an irreducible level-ℓ affine highest weight module with vacuum vector v Λ , dominant integral weight Λ ∈ Q * , and weight system Ω(Λ). Without loss of generality we may assume that Λ 2 = 2 (due to L(Λ) ∼ = L(Λ + zδ) for z ∈ C and the affine null root δ). We define a Cartan-Weyl basis for g by
where c r is some cocycle factor. The central element and the exterior derivative are given by K := δ·p and d := Λ 0 ·p, respectively. This yields a level-ℓ vertex operator realization of g on the space of physical states with v Λ ≡ |Λ , viz.
Note that the operators A i ℓm ≡ H i m are not only part of the transversal Heisenberg algebra but also make up the homogeneous Heisenberg subalgebra of g. Only at level 1 these two algebras coincide. It is intriguing to see how in the above construction both the vacuum vector conditions e I |Λ = 0 and the null vector conditions f 1+r I ·Λ I |Λ = 0 for 0 ≤ I ≤ d−2 (in terms of the affine Chevalley generators e I , f I ) immediately follow from the physical state condition. Below, we will see that only transversal physical states can occur in the affine highest weight module L(Λ). Hence we effectively deal with the embedding L(Λ) λ ֒→ P (λ) transv. and have the following universal estimate for affine weight multiplicities at arbitrary level:
where p d−2 (n) counts the partition of n into "parts" of d − 2 "colours". Finally, we would like to sketch how the new formula (2) is obtained. If we insert the above expressions for the step operators E r n into (1), we encounter in 
